I. INTRODUCTION
of the phase diagram of binary liquid mixtures. Such a model for describing the phase diagram of 3 He - 4 He mixtures near the tricritical point was first introduced and studied by Blume, Emery, and Griffiths (called the BEG model) [2] . In this classical spin-1 model, the superfluid order parameter is mimicked by two discrete values; the remaining possible value for the state variable indicates whether a lattice site is occupied by a 3 He atom instead of a 4 He atom. Since this interpretation of the spin-1 model does not allow for vacancies, it does not exhibit a vapor phase. Furthermore, due to the discrete values assigned to the superfluid order parameter, this model does not capture the actual complex character of the superfluid order parameter. Another interpretation of the BEG model is to allow for vacant sites in a classical binary liquid mixture of species A and B, which leads to the formation of an A-rich liquid, a B-rich liquid, a mixed fluid phase, and a vapor phase. Such a model has been used to study the condensation and the phase separation in binary liquid mixtures [3] [4] [5] . The reduced phase diagrams of ternary mixtures have also been studied within this model [6] .
Further improvements in the theoretical description of the phase diagrams of and Scalapino [7] and, independently, by Berker and Nelson [8] . More recently it has been investigated in d=3 within mean-field theory and by Monte Carlo simulations [9] .
In order to be able to study wetting films in with the liquid phase. Upon decreasing undersaturation (see the thermodynamic path l w in Fig. 3 ), a complete wetting film was grown at the plates of capacitors, the equilibrium thickness of which could be determined very accurately from capacitance measurements.
From the balance of the effective forces acting on the depinning liquid-vapor interface such as to thicken or to thinnen the film, the universal scaling function of the tricritical Casimir force was determined.
The, at present, only available corresponding theoretical analysis [14] of the behavior of the tricritical Casimir scaling functions describing the 3 He - 4 He wetting film thicknesses, employs the VBEG model without vacancies, and thus does not incorporate the vapor phase.
Within this simplified approach, the wetting films have been modeled by a slab geometry with the boundaries introduced by fiat and not of via the actual self-consistent formation as a wetting film. Therefore, it is an open question how the critical Casimir forces emerge in the 3 He - 4 He wetting films when the system is brought towards the critical or the tricritical end point, i.e., approaching liquid-vapor coexistence from the vapor side. The present bulk analysis is a prerequisite of such investigations.
The model proposed here is a classical spin-1 model, including the continuous O(2) sym- Schematic bulk phase diagram of 3 He - 4 He mixtures at fixed pressure. X 3 is the concentration of 3 He and T λ (X 3 ) is the line of continuous superfluid transitions, which turn into first-order superfluid transitions at the tricritical point tc. Note that T λ (X 3 ) meets the two-phase region at its top. If T λ (X 3 ) would meet the two-phase region below T tc , this would imply that there is either a discontinuous phase transition between two normal fluid phases or between two superfluid phases, which is not the case.
metry of the superfluid order parameter, which does allow for vacant sites and therefore exhibits a vapor phase if the number of vacant sites is sufficiently large. The phase diagrams of this model are obtained within mean-field theory. Since there are three order parameters (i.e., the number densities of 3 He and 4 He as well as the order parameter corresponding to the superfluid transition), the phase diagrams of the proposed model exhibit a rich diversity of topologies. The main difficulty of the present study resides in extracting from a high dimensional parameter space the range of parameters for which the phase diagrams have the topology corresponding to the one of the actual 3 He -4 He mixture. In the next section we introduce the model and continue by obtaining various features of the phase diagram.
We close with a summary and conclusions.
II. THE MODEL
We consider a three-dimensional (d = 3) simple cubic lattice with lattice spacing a = 1.
The lattice sites {i | i = 1, ..., N } are occupied by either 3 He or 4 He or they are unoccupied. He mixtures in the (T, Z, P ) space, where Z = exp(µ 3 /T ) is the fugacity of 3 He and P is the pressure. A 1 and A 2 are the surfaces of the first-order solid-liquid and vapor-liquid phase transitions, respectively, whereas A 3 and A 4 are the surfaces of second-and first-order phase transitions between the normal fluid and the superfluid, respectively. A 3 intersects A 1 and A 2 along a line of critical end points connecting ce + with tce + and ce with tce, respectively. The surfaces A 3 and A 4 are separated by a line of tricritical points TC which meets A 1 and A 2 at the tricritical end points tce + and tce, respectively. A 2 terminates at a line of critical points, starting from c in the plane Z = 0. The phase diagram in the plane Z = 0 is the same as the one in Fig. 1 . The dashed lines have no physical meaning; they indicate that the corresponding surface continues. The arrow l w indicates the thermodynamic path along which tricritical end point wetting occurs.
The Hamiltonian of this system is
where N mn , with m, n ∈ {3, 4}, denotes the number of pairs of nearest neighbors of species m and n on the lattice sites, N m denotes the number of atoms of species m, and −J sÑ44 denotes the sum of the interaction energy between the superfluid degrees of freedom Θ i and 
where <i,j> denotes the sum over nearest neighbors. Using the above definitions one obtains
where <i,j>
and
and Θ i ∈ [0, 2π] represents the superfluid degree of freedom at the lattice site i, provided it is occupied by 4 He.
III. MEAN-FIELD THEORY
In this section we apply mean-field theory to the above model. This approximation follows from a variational method based upon approximating the total equilibrium density matrix by a product of density matrices associated with each lattice site [15] .
Due to the variation principle, the free energy F obeys the following inequality:
where ρ is any trial density matrix withT r(ρ) = 1, with respect to which φ on the rhs of Eq. (6) should be minimized in order to obtain the best approximation;
denotes the trace and β = 1/T where T is the temperature times k B . The mean-field approximation assumes that any lattice site experiences the same mean field generated by its neighborhood so that the total density matrix will be the product of the density matrices corresponding to each lattice site:
with
For homogeneous bulk systems the local density matrix is independent of the site.
The variational mean-field free energy per site for the Hamiltonian introduced in the previous section is (with cos(
where N is the total number of sites and z is the coordination number of the lattice (z = 2d, where d is the spatial dimension of the system; here z = 6), and ... = T r(ρ i ...) denotes the thermal average, taken with the trial density matrix ρ i associated with the lattice site i.
Minimizing the variational function φ/N with respect to ρ i renders the best normalized functional form of ρ i . There are two approaches to find the variational minima. In the first approach one parametrizes the density matrix ρ i in terms of the order parameters of the phase transitions and minimizes φ/N with respect to the coefficients multiplying these order parameters. In the second approach one treats ρ itself as a variational function and minimizes φ/N with respect to it [15] . We follow the second approach and calculate the functional derivative of φ/N in Eq. (10) with respect to ρ i (s i , Θ i ) using
and equate it to the Lagrange multiplier η corresponding to the constraint T r(ρ i ) = 1
(11) Equation (11) can be solved for ρ i (s i , Θ i ):
where
is the single-site Hamiltonian in which the coupling constants are rescaled as j = zJ, c = zC, k = zK, j s = zJ s and where the following order parameters are introduced:
which in the bulk are independent of i. In accordance with Eq. (4) one has
The normalization T r(ρ i ) = 1 yields
so that
where h i is given by Eq. (13).
The order parameters defined in Eq. (14) allow one to determine the number densities
is the difference of the number densities and D = ( N 4 + N 3 )/N is the total number density. The concentration of 4 He and 3 He is
M x and M y are the components of the two-dimensional superfluid order parameter M = (M x , M y ) with
The equilibrium superfluid order parameter M points into the direction of H. This follows from the principle of minimum free energy together with the relation ∂F ∂H = −M, where F is the free energy of the system, which implies that for fixed T , ∆ + , and ∆ − one has dF = −dH · M. Thus for H with an orientation ψ, i.e., H = (H x , H y ) = H(cos ψ, sin ψ) with H := |H| 2 = H 2 x + H 2 y , M points into the same direction, i.e., M = (M x , M y ) = M(cos ψ, sin ψ).
Within the aforementioned mean field approximation the order parameters
(with the latter obtained from M x = T r(ρ i p i cos Θ i ) and M y = T r(ρ i p i sin Θ i )) are given by three coupled self-consistent equations:
where I 0 and I 1 are modified Bessel functions (see Sec. 9.6 in Ref. [16] ). The functions
so that D > X. The equilibrium free energy φ(∆ − , ∆ + , H, T ) is given by
In the limit ∆ + → +∞ both W and R diverge so that according to Eq. (18) one has
, all lattice sites are occupied and the concentrations reduces to C 4 = (1 + X)/2 and C 3 = (1 − X)/2. With the explicit expressions in Eqs. (20) and (21), in the limit ∆ + → +∞, Eqs. (17) and (19), reduce to:
Expressing X in Eqs. (23) and (24) in terms of C 4 renders
For H = 0 these equations have the same form as the corresponding ones in Ref. [9] , which do not allow for vacant sites from outset. Thus in the limit ∆ + → +∞ and for H = 0 our present more general results reduce to those of the more restricted model studied before.
IV. PHASE DIAGRAM
In this section we determine the phase diagram of the VBEG model within mean-field theory. Although certain features of the phase diagram can be obtained analytically, most parts of it can be determined only numerically. In order to find the coexisting states of phase equilibria, one has to identify those distinct states (17) and (18) together with Eqs. (20) and (21) for ∆ + and ∆ − :
Within the grand canonical ensemble the pressure is given by φ/N = −P . (Note that the sample volume is V = N a 3 , here with a = 1). According to Eqs. (17) - (19) the order parameters of any state must fulfill the relation
which expresses M in terms of (10) and (14)) are given by [15] 
where Accordingly, the first condition in Eq. (30) leads to a quadratic equation:
Equation ( 
FIG. 4:
The schematic phase diagram for H = 0 and j s = 0 (i. e., without coupling between the superfluid degrees of freedom). The phase diagram in the plane Z = 0 is that of a one-component system consisting of particles "4". Upon increasing the fugacity Z of particles "3", the transition lines in the plane Z = 0 extend to form three distinct surfaces. The surface SL is a surface of firstorder phase transitions between the solid and the liquid phases. The transition surfaces between the vapor and the liquid phases, and between the solid and the liquid phases are denoted by VL and SV, respectively. The surface VL terminates at a line of critical points (green line). The critical point of the pure system of "4" particles is denoted by 'e'. The liquid can be either mixed or demixed. Concerning the demixed phases, LL denotes the surface of first-order phase transitions between the phase rich in component 3 (large Z) and the phase rich in the component 4 (small Z). This surface terminates at a line of critical points (brown line), which meets the surfaces SL and VL at the critical end points 'b' and 'c', respectively. The point 'a' is a quadruple point, whereas 'd' is a triple point. The lines a-b, a-c, and a-d are triple lines. The dashed lines have no physical meaning; they indicate that the corresponding surfaces continue.
provided the condition at fixed temperatures below the critical end point (ce) (which is denoted as 'c' in Fig. 4) , three values for X 3 , i.e., two values X l 3 for X 3 in the liquid phases ( Fig. 5(a) ) and one value for the vapor phase (X v in Fig. 5(b) ), and three values for D (Figs. 5 (c)-(d) ) characterize the three states which share the same values of the pressure (Fig. 5(e) ) and of the chemical potentials (and thus the fugacity, Fig. 5(f) For j s > 0 the model exhibits superfluid transitions, which can be either first or second order. In order to find the surface of second-order phase transitions to the superfluid phase (see A 3 in Fig. 3) , we introduce the appropriate thermodynamic potential A as the Legendre transform of φ:
where, according to Eq. (1), leads to
Due to
= −H the conditions for the critical points, where M vanishes continuously (see Fig. 3 ), are (compare Eq. (30))
with all total derivatives to be taken at M = 0 and at constant ∆ + , ∆ − , and T (compare 
We note that the same relation follows independently from Eq. Fig. 3 ). The conditions for tricritical points
with all total derivatives to be taken also at M = 0, which again requires to consider the partial derivatives of X and D with respect to M, as discussed after Eq. (37). The vanishing of the first four derivatives leads to a quadratic equation for D (where Eq. (38) has been used to eliminate the dependence on T ):
where the coefficients b 0,1,2 are given in terms of the order parameter X and the coupling constants:
We note that, also here, expanding the right hand side of Eq. (29) Upon increasing the coupling constant j s (Fig. 7) , the model exhibits as a new feature a line j-k of tricritical points. In comparison with the phase diagram for weak j s (Fig. 6 ), a new surface LL 4 emerges (j-k-f-i-j) which is the surface of first-order phase transitions between the superfluid and the normal fluid, both 4-rich (Fig. 7) . down to T = 0. In order to obtain this topology from that of Fig. 8 , by fiat one has to pull up and tilt the surface SL and to shift the superfluid dome down to T = 0 so that the surface SV disappears. This transforms the phase diagram in Fig. 8 to the one shown in Fig. 3 diagram shown in Fig. 6 . The red line in Fig. 9(a) provides the temperature dependence of X 3 along the red line in Fig. 6 emanating from 'f' towards 'h'. The green point 'e' in Fig. 9 corresponds to the point 'f' in Fig. 6 and the black point in Fig. 9 corresponds to the point 'c' in Fig. 6 . Because in Fig. 6 the red line h-f is a line of continuous phase transitions right up to the point 'f', the line a-f-c does not exhibit a break in slope at 'f'. Below e, the liquid transitions are first-order transitions between the normal fluid and the superfluid liquid, whereas above e the demixing curve remains the same as in the case of j s = 0 (see tence with the vapor phase for such a topology of the phase diagram. In both figures one finds two types of first-order liquid-liquid transitions. One between two normal liquids, which occur between ce and qp, and another one between the normal liquid phase and the superfluid liquid phase, which occur below tce. The points 'ce', 'tce', and 'qp' in Figs. 10 and 11 correspond to the points 'c', 'k', and 'f', respectively, in Fig. 7 . The transitions between the two normal liquids correspond to the line f-c in Fig. 7 , the transitions between the normal liquid and the superfluid correspond to the line a-f in Fig. 7 , the small two phase region between 'tce' and 'qp' corresponds to the line f-k in Fig. 7 , and the red line above 'tce' corresponds to the red line emanating from 'k' towards 'h' in Fig. 7 . In Fig. 7 In order to obtain phase diagrams with the topology illustrated in Fig. 8 , one has to choose the coupling constants such that the demixing transitions at coexistence with the vapor phase occur only between the normal fluid and the superfluid. This means that in Fig. 7 the line f-c has to shrink to zero which implies that the critical point 'c' coincides with the quadruple point 'f'. Within Fig. 11 (a) this means that tce (= k in Fig. 7 ) has to be pulled up to higher temperatures such that the demixing critical end point ce (= c in Fig. 7 ) slides below the quadruple qp (= f in Fig. 7 ) so that the demixing phase transition between two normal fluids becomes an unstable one within the two-phase region of the superfluid and the mixed normal fluid (see Fig. 12(a) ). For the coupling constants As can be inferred from Fig. 12(f) , upon increasing the temperature, the line of secondorder phase transitions to the superfluid phase (red line) approaches the plane Z = 0, where the liquid becomes pure 4 He. In order to explore the phase diagram in the plane Z = 0, in Eqs. (17) to (21) we have to take the limit µ 3 → −∞. In this limit ∆ − → +∞ and ∆ + → −∞ so that W and R turn into
and due to is given by
where, due to X µ 3 →−∞ = D µ 3 →−∞ , in R µ 3 →−∞ we have replaced X by D.
In this limit Eq. (29) reduces to experimental one, we can illustrate quantitatively the phase diagram in the (P , Z, T ) space.
The phase diagram, which -for a suitable set of coupling constants -resembles the schematic phase diagram proposed in Ref. [1] and exhibits all relevant fluid phases, is given in Fig. 14 (compare Fig. 3) . Accordingly, Fig. 14 This implies that the larger the number density of the liquid phase at b is, the shorter is the increasing the dipole strength with the isotropic and ferromagnetic liquid corresponding to the normal liquid and the superfluid, respectively [17, 18] . For dipolar fluids the solid phase can be captured by off-lattice density functional theory [19] .
